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Abstract. B cxaTBe noKasano OTcyTCTBHe neTpHBHEunBHBix 5- 
flH4)4'epeHLi,HpoBaHHii nojiynpocxbix KoneHHOMepHBix CTpyKTypnayeMbix 
ajire6p nafl £unre6paHHecKH saMKHyxbiM nojreM xapaKTepncTHKH otjihh- 
Hoii OT 2,3,5. 
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1. BBEflEHHE 

HoHHTHe 5-/],H434)epeHLi,HpoBaHHa BnepBBic noaBjiHexcH b pa6oTe [T|, krk o6o6- 
mcHiie o6i>iKHOBeHHoro flii4)4)epeHri,HpoBaHHH. HanoMHiiM, ^^to npn 4)HKCHpoBaH- 
HOM S H3 ocHOBHoro HOjiH F, HOfl (5-flH4)4)epeHi],HpoBaHHeM ajire6pbi A noHHMaiOT 
jiHHeiiHoe OTo6pa»ceHHe 0, y;i,OBjieTBopa:iomee ycjiOBHio 

(t){xy) = S{(l){x)y + x(t){y)) (1) 

fljiH npoH3BOJibHbix ajieMCHTOB x,y G A. B pa6oTe [2J B. T. CDHjinnnoB 
flOKasaji [5], hto jiio6aH nepBHHHaa ajire6pa JIh ne hmcct HenyjieBoro 6- 
;];H4)4)epeHD;HpoBaHHH, ecjiH 5 ^ -1,0, Pa6oTa g] nocBamena onncaHHio 
(5-;];H4)4)epeHi];HpoBaHHH npocTbix KoneHHOMepHbix Hop^aHOBbix ajire6p na/i, aji- 
re6paHHecKH saMKHyTbiM nojiCM xapaKTepHCTHKH nyjib. B flajibHeiinieM, b pa- 
6oTe [6] 6bijio ^ano onHcanHe (5-fln4)4)epeHLi;HpoBaHHH nojiynpocTbix KoneHHO- 
MepHbix HopflanoBbix ajire6p nafl npoHSBOjibHbiM nojieM xapaKTepncTHKH ot- 
jiHHHOii OT 2 H (5-(cynep)flH4)4)epeHLi,HpoBaHHH npocTbix KOHCHHOMepHbix jine- 
Bbix H ftopflanoBbix cynepajireSp nafl ajire6paHHecKH saMKHyTbiM nojieM xapaK- 
TepHCTHKH Hyjib. JlflK ajire6p h cynepajire6p h3 paSoT [11 [Sj [6] Gbijio noKa- 
3aH0 OTcyTCTBiie neTpHBHajibHbix 5-(cynep)flH4)4)epeHn,HpoBaHHH. I^hkji CTaTeft 
no onHcaHHK) (5-(cynep)flH4)4)epeHLi;HpoBaHHH npocTbix KOHCHHOMepHbix iiop^a- 
HOBbix cynepajire6p saKannHBaeTca paGoToft [Hj, r^e Gbijio flano nojinoe onnca- 
HHe (5-(cynep)flH4)4)epeHn,HpoBaHHH nojiynpocTbix KoneHHOMepHbix HopflanoBbix 
cynepajire6p nafl ajire6paHHecKH saMKHyTbiM nojieM xapaKTepncTHKH otjihhhoh 
OT 2. Otmbthm, hto HCKOTopbie o6o6iii,eHHH J-flHcJxJiepeHi^HpoBaHHii 6bijiH npe^jio- 
:»{eHbi B cjie^yromnx pa6oTax [HI [121 1131 El E]. 

2. riPHMEPbl H OCHOBHblE OnPEflEJTEHHfl 

Kjiacc CTpyKTypHsyeMbix ajire6p 6biji BBe^eH b 1978 ro^y B. H. Ajijihcohom 
[16J. ^aHHbiii Kjiacc ajireSp npeflCTaBjiaeT HHTepec b cbhsh c TeM, hto b nero no- 
naflaiOT TaKne o6T)eKTbi, Kax: TenaopHoe npoH3BefleHHe KOMno3HLi,HOHHbix ajire6p, 
56-MepHbiH MOflyjib OpeiifleHTajiH na/i, Ei c ecTecTBenHoii 6HHapH0fl: onepai;Hefl:, 
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35-MepHaH ajire6pa T{C)\ b hcm HMeeT ecTecTBenHoe o6o6in,eHHe KOHCTpyKLi,Ha 
KaHTopa-KH,xepa-THTca. 

CTpyKTypHsyeMbie ajire6pbi — sto ajire6pbi c ejxawanevi, KOTopyio SyfleM 060- 
3HaHaTb e h HHBOjnoi^Heii ~ , y;i,OBjieTBopaioiii,He TOJKflecTBy [21 

[T., V^J = Vr^^^y - V^^T^y, rfle T,, € £;nd(A), (2) 

Vx,y{z) = (a:y)z + {zy)x - {zx)y, = Vz,i Ana x,y,z e A. 
IlycTb ajire6pa {A, ~ ) — ajire6pa c HHBOjiion,HeH, Tor^a Kax BCKTopHoe npocTpan- 

CTBO A pacna^aeTCH b npHMyio cyMMy A = H Q) S, r^e H — {aGy4|a — a} — 

MHOJKeCTBO CHMMeTpHHeCKHX SJICMeHTOB, 5 = {fl G Ajfl = — fl} — MHOJKeCTBO BCBX 

KOCocHMMeTpH^^ecKHx sjiCMeHTOB. B CTpyKTypHsycMbix ajire6pax fljiH jiio6mx sjie- 
MBHTOB x,y A,a,b,c € H,s € S laioKe BbinojiHHiOTca cjieflyiomHe TOJKflecTBa [3] 

-m 

{s,x,y) = -{x,s,y), (3) 
(a, &, c) - {b, c, a) = (c, a, 6) - (c, 6, a) , (4) 

^[[a2,a],&] = (6,a2,a)-(&,a,a2). (5) 

HpHBefleM npiiMepbi CTpyxTypHsyeMBix ajire6p (cm, |171 I18|): 

5*1) IlycTb (A, ~) — yHHTajibHaa accoii,HaTHBHafl ajire6pa c HHBOJiioi],HeH. Tor^a 
(A, ~ ) — CTpyKTypH3yeMaa ajire6pa. 

5*2) IlycTb J — HopflaHOBa ajire6pa. IIojiojkhm ~= id. JXnsi {J,~) TOJK^ecTBO [2] 
npeBpamacTCH b TOJKflecTBO 

[Lc, Va^b] = Vca,b — Va^cb 

BbinojiHHiomeeca b npoH3BOjibHOH ftopflaHOBOii ajire6pe. IIosTOMy (J, ~) — CTpyK- 
TypHsycMaa ajire6pa. 

5*3) IlycTb {E, ~ ) — accoii,HaTHBHaa: ajire6pa c HHBOjiioii,HeH n W — jieBbifi E- 
MOflyjib OTHOCHTejibHO fleficTBHH o : E xW ^ W . IIpeflnojioJKHM, ^^to na W aa^ana 
apMHTOBa 4)opMa h, T.e Taxoe 6HjiHHeHHoe OTo6pa}KeHHe h : W x W E, ^ito 

h{wi,W2) — h{w2,Wl), 

h{ei 0^1,^2) = eih{wi,W2) 
fljisi jiio6bix wi,W2 d W n e d E. Ha npocTpancTBC A = E Q) W onepaD;HH yMHO- 

JKCHHH H HHB0JIIOLI,HH BBOflHTCH CJIC/iyiOmHM o6pa30M: 

{ei,wi) • (e2, W2) — (eie2 + /i(w2, wi), 62 o wi + el o W2), 
{e,w) = {e,w). 

Ajire6pa c HHBOjuoi^iieii (A, ~ ) — CTpyKTypHsyeMaa ajire6pa. Ona sBjiHCTca 
o6o6LLi,eHHeM iiop/iaHOBOH ajireGpti 6HjiHHeHH0H (JsopMbi h naabiBaeTCH ajire6poH 
spMHTOBOii 4)opMM. Ajire6pa spMiiTOBOii cjjopMbi Gyflfii npocTa, ecjin apMiiTOBa 
4)opMa h Ha jiCBOM i?-Mo;i,yjie HCBbipoiKfleHHa h {E, ~ ) — Li;eHTpajibHaa npocTaa 
ajire6pa c HHBOJHOi^Heii. 
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5*4) IlycTb (Gi,~) H (G2,~) — KOMno3nri,noHHi>ie ajire6pi>i co CTanflapTHOft hh- 
BOjiKmHefi (noflpo6Hee o komhoshi^hohhijIx ajireSpax cm., k npHMepy, |19|). Ha aji- 
re6pe A = Gi €3 G2 onpeflejiiiM HHBOjiion,Hio xi X2 = aJT (g) X2. Tor^a (A, ~ ) — 
CTpyKTypHsyeMaa ajire6pa. 

5*5) IlycTb J, J' — BeKTopHbie npocTpancTBa na/i, F, o6jia;i,aiomHe TpHjiHHefiHbi- 
MH (JjopMaMH N M N' m CBH3aHHbie nocpeflCTBOM T : J x J' ^ F HeBbipojKfleHHofi 
6HjiHHeHHOH (JjopMOii. /I,Jia J, k G J, j', k' S J' onpe/;ejiHiOT j x k £ J' n j' x k' € J 
ycjiOBHCM 

T{l,j xk) = N{j,k,l),T{j' X k',l')=N'{j',k',l') 
p^jisi jiK)6i>ix I £ J,l' E J' ■ OnpeflejiHiOT TaKJKe onepai];Hio # na J h J' ; j'^ = x j, 
j"^ = ij' X j' jijiR j G J, j' e J'. TpoHKa {T,N,N') naabiBaeTCH flonycTHMOit 
TpoHKoit, saflaHHOii na nape npocTpancTB (J,J'), ecjiH N n N' HeTpHBHajiBHbi h 
cnpaBefljiHBbi cooTHOinenHH: 
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U'*) 



N'{j',f,f)f 



AJiH j e J,j' e J'. 

PaccMaTpHBaeTCH TpoHxa (T, A^, A^') na nape npocipancTB ( J, J'). Ha npocTpan- 
CTBe MaTpnn, 
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BBO^HTCH yMHOJKenne 

Of j 

/ P. 
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/ P. 




j' a 



HojiynennaH CTpyKTypnsyeMaa ajire6pa nasBiBaeTCH ajire6poH flonycTHMOii TpoiiKH 
(T, N') na nape npocTpancTB ( J, J'). 

5*6) HycTb C — ajire6pa Ksjin-flnKCona c HHBOjiK)u;HeH (noflpoSnee 06 ajire6pe 
KsjiH-^HKCona, cm., k npnMepy, |19j). MnojKecTBO S KOCocHMMeTpHnecKHx ajie- 
MenTOB HBjiaeTCH T-Mepnon npocTofi nejiHeBofi ajire6poH MajiBu,eBa OTHOCHTSJibHO 
onepan,HH KOMMyTHpoBanna [•, •] b G (cm. [50]), ee oSoananaKiT nepes 
onpeflejiena neBBipojKflennaa CHMMeTpniecKaa nnBapnanTnaa SHjinneiinaa 4)opMa 
(•, •) Taxaa, ^ito fljia x,y E S Bepno 

[[x,y],y] = {y,y)x - {x,y)y. 

Hepea M oGosHanaiOT noflnpocTpancTBO Tensopnoro npoHSBeflennH 5 ® S", nopo>K- 
flennoe MHOJKecTBOM {s iSi r — r (i) s : s,r G S}. HojiararoT H = S (E) S/M n na npa- 
Moii cyMMe npocipancTB H(BS sa^aiOTCH KOMMyiaTHBHaa n anTHKOMMyTaTHBHaa 
[•, •] onepan,HH ycjiOBHHMn: 

[si, S2] = [si, S2], 
[s, Si S2] — [s, Si] ® S2 + Si ^ [Sl, S2], 

[si (8) S2, S3 <8> S4] = 

(S1,S3)[S2,S4] + (S1,S4)[S2,S3] + (S2 , S3) [si .S4] + (S2 , S4) [si , S3] , 
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Si Q S2 — Si ^ S2, 
S (Sl (8) S2) = ^(S1,S2)S + ^(s,Si)s2 + i(s, S2)si, 
(Sl ® S2) (S3 S4) = 

= ^[Sl, [S2, S4] + ^[Sl, S4] [S2, S3] + i(si, 52)53 S4 + ^(53,54)^1 S2 

fljisi s, Sl, S2, 53, S4 e S", r;i;e b npaBoii hrcth paBCHCTBa nop, [■, ■] noflpasyMeBacTca 

KOMMyTaTop B ajire6pe C. 

OnepaLi,HH yMHOJKenHH h hhbojiioii;hh b H (B S onpe;;ejiaiOTca cjie/iyiomHM o6pa- 
30m: 

xy = xQy+ ^[x,y], 

h + s = h ~ s, rfle x,y € H (B S,h ^ H, s G S. 
IIojiyHeHHyK) ajire6py c HHBOJiK)Li,HeH, nocTpoeHHyio nocpe^CTBOM ajire6pi>i 
KsjiH-^HKCOHa C, oSosHanaiOT T{C). 

OTMeTHM, HTO corjiacHO pesyjibiaTaM [18J, ajire6pbi thhob S1)-SQ) HcnepntiBa- 
lOT Bce npocTbie KOHCHHOMepHbie CTpyKTypHsyeMbie ajireGpti na^ ajireGpaHHCCKii 

SaMKHyTbIM nOJICM XapaKTepHCTHKH OTJIHT^HOii OT 2,3,5. 

KaK 6hjio OTMeneHO Bbime, fljia 4)HKCHpoBaHHoro sjieMCHTa 5 h3 ochobhofo no- 
jiH, no^ (5-/i,H4)4)epeHn,HpoBaHHeM ajireGpti A mbi noHHMaeM jiHHeftHoe OTo6pa}KeHHe 
<j) : A ^ A, KOTopoe npn npoHSBOJibHMx x, y S A y^OBjieTBopaeT ycjiOBHio 

(f){xy) ^ 6{(j){x)y + x(f>{y)). 

Hop, ijeHTpoHflOM T{A) ajire6pbi A mbi Gypem noHHMaTb MHO>KecTB0 Bcex jih- 
HeiiHbix OTo6pajKeHHH x ■ A ^ A, npH nponsBOjibHbix a,b E A y;i,OBjieTBopaioiii,Hx 
ycjiOBHK) 

X{ab) = x{a)b = ax{b). 

OnpeflejieHHe l-flHcJx^epeHi^npoBaHHH coBna^aeT c o6i>rimAM onpe;i,ejieHHeM 
;i,H4)4)epeHLi;HpoBaHHH; O-flHcJxJjepeHi^HpoBaHHeM HBjiHeTCH npoHSBOjibHbiii snpp- 
Mop4)H3M (j) ajire6pbi A TaKoii, hto — 0. 5Icho, hto jhoSoh sjieMCHT Li;eH- 

TpoHfla ajire6pbi sBjiHCTca i-/],H4)4)epeHLi,HpoBaHHeM. 

HenyjieBoe i5-flH4)4)epeHLi;npoBaHHe (f> 6y^eM CHHTaTb neTpHBHajibHbiM 6- 
flH4)4)epeHLi,HpoBaHHeM, ecjia S ^ 0,1 n (j) ^ r(A). 

3. OCHOBHblE JTEMMbI 

B flaHHOM pasflejie mm npHBe^eM cjjopMyjinpoBKH ii flOKasaTejibCTBa ochobhbix 
jieMM, Ha KOTopbie 6yflyT onHpaTbCH flOKasaTejibCTBa ochobhbix pesyjibxaTOB pa6o- 
Tbi, H3jio>KeHHbix B saKjiiOHHTejibHOH ^^acTH. Sflccb H ^ajiee Bce ajire6pbi paccMaT- 
pHBaiOTCH nafl ajireGpaH^ecKH saMKHyTbiM hojibm F xapaKTcpHCTHKH otjihhhoh ot 
2, 3, 5, xoTH HCKOTopbie pesyjibTaTbi HHJKcnpHBCfleHHbix jicmm 6y^T Bepnbi h npn 
HCKOTopbix ocjia6jieHHHx Tpe6yeMbix ycjiOBHii na nojie. 

JleMMa 1. EcjiH (f) - HCTpHBHajibHoe 5-flH4)4)epeHn,HpoBaHHe CTpyKTypHsyeMoii 
ajire6pbi A, to 6 = n pjiR jiio6oro sjiCMCHTa x € A Bepno <j>{x) = ax = xa npn 
HeKOTopoM (JjHKCHpoBaHHOM ajicMCHTe a € A. 
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/l^oKaaaTejiBCTBO. HssecTHO, ^^to yHHTajibHBie ajire6pi>i Moryx HMeTb hctphbh- 
ajibHbie (5-flH4)4)epeHii,HpoBaHHH tojibko npH 5 = (cm. [4, TeopeMa 2.1]). SaMenaa, 
HTO CTpyKTypHsyeMbie ajire6pi>i sbjihiotch yHHTajibHbiMH c e/i,HHHn,eH e, nojiy^aeM 
(5 = i. TaKHM o6pa30M, jierKO saMCTHTB, hto 

— 20(xe) — (f>{x) — {4>{e)x + e0(x)) — 4>{x) — x0(e). 

AnajiorHT^HO nojiynaeM, hto (f>{x) = (f>{e)x. JleMMa ^OKasana. 

JleMMa 2. Ajire6pa HeBbipojKfleHHOfi spmhtoboh (JjopMbi na jibbom £'-Mo;i,yjie, 
rfle (iJ, ~ ) — i];eHTpajibHaa npocTaa accon,HaTHBHaa ajire6pa c HHBOjiioi^Heit, ne 

HMeeT HeTpHBHajIBHblX i-flH4)4)epeHLi;HpOBaHHH. 

/l^oKasaTejiBCTBO IlycTb A — E(BW nap, nojiCM F, rpfi {E.~) — accoD;HaTiiBHaH 
ajire6pa c hhbojiiod;hch h W — jieBbiii E-mopym, n (j)* — i-flH(|)4)epeHD;HpoBaHHe. 
IlycTb ei E — npoHSBOjibHbiii, e — e/i,HHHn,a ajire6pbi A, Tor^a nojiaracM 

(/)*(e) = {ae + e*,w*), r^e a G F, e* 7^ e G E,w* G W. 

Heo6xo;i,HMO ;i,OKa3aTb e* — w* — 0. Sa^aflKM OToSpajKCHHe (p = (p* — (/jq, rj^e 
4>o{x) = ax. B CHjiy pesyjibiaTOB B.T.OHjiHnnoBa o (5-flH4)4)epeHii,HpoBaHHHx ac- 
coLi,HaTHBHbix ajircSp [3], jierKO noHHTb, ^to (t>{E) Q W n e* ~ 0. 3aMeTHM cjiefly- 
mmee: 

</)((ei, 0) . (0, w*)) = i0(ei, 0) . (0, w*) + ^(ei, 0) . </)(0, w*) = 

— -^eih{w* ,w*) + -eih{w* ,w*) = ei/i(w*, w*), 

A TaK>Ke 

</)(0,eTo w*) = (0,eTo w*) .0(6) = (0,w*) • (0,eTo w*) = 
= h{ei o w*,w*) — eih{w* ,w*). 
OTCio;i,a cjie/iyeT, ^^to (ei — 'ei)h{'w* ,w*) = fljiH nponsBOjibHoro sjieMCHTa ei 
ajire6pbi E. 

HoKajKeM, HTO h{w*^w*) jicjkht b KOMMyTaTHBHOM iiCHTpe ajire6pbi E. JlerKO 

SaMCTHTb, HTO 

0((ei,O).(O,«;*)) = i0(ei,O).(O,«;*) + i(ei,O).0(O,«;*) = 

= i^eih{w*,w*) + ^eih{w*,w*),0), 

C flpyroii CTopoHbi, 

(/)((ei, 0)»(0, w*)) = (t>(0,eiow*) — {O,eiow*)»<p{e) = {h{w* ,'eiow*),aeo(^'eiow*)). 
IIpHpaBHHBaa KOMnoHCHTbi 113 ajire6pbi E, nojiy^acM 

-h{w* ,6^ o w*) + -eih{w* ,w*) = h{w* ,ei o w*), 

^eih{w* ,w*) = i/i(w*,eTo w*), 

eih{'w* jW*) = h{ei o w* ,w*), 
eih{w* ,w*) = h{w* ,w*)ei. 
B CHjiy npoHSBOJibHOCTH Bbi6opa sjieMenia ei, h{w*,w*) fleitcTBHTejibHO jiejKHT b 
KOMMyTaTHBHOM H,eHTpe Z{E). 
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HoKaaceM, hto Eh{w* ,w*) — Hfleaji b E. ^encTBHTejibHO, BKjiiOTeHHe 
eiEhiw* ,w*) C Eh(w* ,11]*) tphbhejibho. PaccMOTpiiM Eh{w* ,w*)ei h BOcnojiB- 
syeMCH accon,HaTHBHOCTbio ajire6pbi E. Tor;i,a 

Eh{w*,w*)ei = E{h{w*,w*)ei) = E{eih{w* ,w*)) C Eh{w*,w*). 

HocKOjiBKy E — npocTaa accoD;HaTHBHaH yHHTajiBnaa ajire6pa, to Hfleaji 
Eh(w* ,w*) — HjiH Eh(w* ,w*) — E. IIocjieflHero 6BiTb ne MOJKeT, nocKOjib- 
Ky Tor^a ajieMeHT h(w* ,w*) ^ 0, cjie/i,OBaTejibHO, o6paTHM. Tovp^a, h3 paBCHCTBa 
(ei — eT)/i(u'*, w*) = cjie^yeT, hto ei — eT = 0, hto hc Bepno b cjiynae HeTOJK- 
;],ecTBeHHOB; hhbojiioli,hh. B cjiy^ae jkc TO}K;i,ecTBeHHOH hhbojik)d,hh, ajire6pa npH- 
BO^HTca K onHcaHHOMy b[4] cjiynaio HopflanoBbix ajireGp. OcTacTca paccMOTpeTb 
cjiynaii ei — el ^ 0, Tor^a h(w* , w*) = 0, to ecTb (j){w*) — 0. IIojiojkhm u G W — 
npoHSBOJiBHbiii sjieMeHT, Tor^a 

(j){uw*) = ^(t){u)w*, 
h{w* ,u)(f){e) = —h{w*,u)w*, 

h(w*,u)w* = -h{w*,u)w*, 
{uw*)w* = 

Otmcthm, hto h{W, Ew*) Hfleaji b E. ^eiicTBHTejibHO, jierKO saMCTHTb, ito: 
eih{W, Ew*) = h{ei o W, Ew*) C h{W, Ew*) 

H 

h{W, Ew*)ei = -elh{Ew*,W) C h{W, Ew*). 

IIocKOjibKy spMHTOBa 4)opMa h : W X W ^ E US Bbipo}K/;eHa, to H^eaji ne 
HyjieBoii, a Tax KaK ajire6pa E npocTaa, to h{W, Ew*) = E. Tor^a ^ Ui{aiW*) = 1, 

i 

H MO>KHO SaKJIIOT^HTb, HTO 

'^Ui{aiW*) = ^^h{aiW*,Ui) = ^^aih{w* ,u^) = 1. 

i i i 

JTerKO saMBTHTb, hto 

w* = (^aih{w*,Ui))w* = '^ai{h{w* ,u^)w*) = '^ai{{uiW*)w*) = 0. 

i i i 

TaKHM o6pa30M, (/)*(e) = ae. JleMMa ;i,OKa3aHa. 

JleMMa 3. Ajire6pa TCHSopHoro npoHSBefleniiH KOMno3HLi,HOHHbix ajire6p ne 

HMeeT HeTpHBHajIBHblX i-flH4)4)epeHLi;HpOBaHHH. 

/l^oKasaTejiBCTBO. IlycTb A, B — KOMno3Hii,HOHHi>ie ajire6pbi (o komhoshi^hoh- 
Hbix ajire6pax cm., k npHMepy, |19| ) c eflHHHLi;aMH 1a, 1_b cooTBeTCTBenHO, He — 
eflHHHn,a ajire6piji A®B. Torfla, ecjiH — i-flH^x^epeni^HpoBaHne ajire6pbi A^B, 
TO 0(e) — ai (S) bi,ai G A,bi G B. nojib3yHCb jieMMOii 1, jierKO BH/i,eTb, hto h 

i 

hi jiejKaT B KOMMyTaTHBHbix Li,eHTpax ajire6p A w B, cooTBCTCTBeHHO. 
JierKO saMCTHTb, hto 

(j){ac®lB) = ]-(j){a®lB){c®lB) + ]:{a®lB)(f){c®lB). 
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Ho jieMMC 1 H3 npeflbiflymero paBCHCTBa nojiyHHM 

(ac(g) li3)'/>(lA 1b) = c6(ac® 1b) = (l){{a (g) 1b){c (E) 1b)) = 

i((o (8) 1b)<I){1a ® 1b))(c is) + ^{a ® 1b)((c (g) 1b)</>(U ® Is)), 

TO eCTi> 

^(ac)aj (g) 6j = - ^((aai)c ig) 6i + a(cai) ig) &»). 

IIocjieflHee bjic^ict 

X](2(ac)a8 — (aa,)c — a(cai)) (g 6j = h 2(ac)aj — (aaj)c — aicui) = 0. 

i 

Cjic/;oBaTCjiijHO, mbi mojkcm 'jaK.nio^iHTb, ^iTO (a. a^. c) = 0. IIocKOjibKy KOMno3Hn,H- 
OHHbie ajireGpbi ajibTepnaTHBHti, to (a, c, aj) = = (ai,a,c). TaKHM oGpasoM, 
jie>KHT B KOMMyTaTHBHO-accon,HaTHBHOM n;eHTpe Z{A). 

IIocKOjibKy ajire6pa A®B HSOMopejDHa ajirc6pc B®A^ to anajiorHiHO nojiynaeivi, 

HTO hi JieJKHT B KOMMyTaTHBHO-aCCOII,HaTHBHOM Li,eHTpe Z{B). 

Tenepb noKaaceM, hto OTo6pa>KeHHe (p: A^B—^A®B, aaflaHHoe no npasHjiy 
(l){x <S:y) = {x<8) y)C^ ai (g hi), r^e e Z{A), hi e Z{B), 

i 

HBjiaeTCii sjieMeHTOM ii,eHTpoH/;a ajire6pbi A ^ B, to ecTt TpHBHajibHtiM 6- 
flH4)<J)epeHipipoBaHHeM. 
JlerBO BH;i,eTb, hto 

(l){{a (g) 6)(c(g rf)) = (f){ac<^bd) = {ac^bd)(^ai (g) hi) = 

i 

aca, 6rf6, = ^^(aa, 66i)(c rf) = (?i(a 6)(c rf). 

AHBJiorHHHO noKasbisaeM, HTO (^((a06)(c0d)) = (a06)(/)(c0d). JleMMa flOKaaana. 

JleMMa 4. Ajire6pa ;i;onycTHMOH tpohkh (T, A?^, A?^') ne hmsbt HeTpHBnajibHbix 
^ -flH(J)4)epeHii;HpoBaHHit. 



/I^OKaaaTejiBCTBO. IlycTb (/)(e) 



a J 



H HeKOTOpblH npOHSBOJIBHblH SJieMSHT 



ajire6pbi x 



7 



r^e a, p,j,SGF,k,jy^Oe J, k',j' j^O € J'. Hs jicmmm 1 



HMeeM x(j}{e) = 4'{e)x, Tor^a 
(j){e)x 

x(j){e) 



a 


j 




7 


k 




oil + k') 


ak + Sj -+ 


j' X k'' 


f 






k' 


S 




if + I3k' +j X k 


Tik,j') 


+ P6 


7 


k 




a 


j 




ja + T{k,j') 


ij + + 


k' X /" 


k' 


6 




f 






ak' + 6j' + k X j 


T{3,k') 


+ 6^ 



TaKHM o6pa30M, neoGxoflHMO, HTo6bi BbinojiHHjiocb 

ij' + pk' + j X k = ak' + Sj' + k x j. 

B CHjiy npoHSBOJibHOCTH Bbi6opa x, nojioJKHM k = j, i ^ S. Tor^a nojiynaeM a = /?, 
j' = 0. AnajiorHHHO hs paBencTBa 

ak + 6j + j' X k' = ij + I3k + k' X j', 
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nojiaraa k' = j' ii S ^ nojiyHaeM j = 0. CjieflOBaTejibHO, (f>{e) = a ^ _^ . 
JleMMa ^OKasana. 

JleMMa 5. Ajirc6pa T{C) ne hmcct HeTpHBHajibHbix i-/;H4)4)epeHLi,HpoBaHHH. 

/l^oKasaTejitcTBO. HanoMHHM, hto S*'^^ — npocTaa T-Mepnaa nejiHeBaa: ajire6- 
pa Majibi];eBa OTHOCnTejibHO onepai^HH KOMMyTHpoBaHHH [•, •] b C, S' — MHOJKecTBO 

KOCOCHMMeTpH^^HBIX OTHOCHTejIBHO HHBOJIK)LI,HH SJieMCHTOB ajire6pbl C . JlerKO BH- 

p,eTb, HTO Ci G S npH i = 2,3, ... ,8. 

IlycTb (/)(e) — h* + s*, rpfi h* G H, s* G S, e — eflHHHu,a ajireGpbi. Torfla: 

[0(e), s] =0, 
[h* +s*,s] =0, 
[h*,s] + [s*,s] =0. 

SaMeTHM, TITO [s*,s] = 0. ^eflcTBHTejiBHO, nocKOjiBKy ajire6pa S"^"-* — npocTaa, 
TO ee aHHyjisTop nyjieBoii. JlerKO BH^eTb, mo s* jiejKHT b annyjiaTope ajire6pbi 
S'*^~\ T.e. s* — 0. CjieflOBaTejiBHO, [/i*,s] — 0. 

JlerKO BHfleTb (k npHMepy, cm. |21|). hto b ajire6pe KsjiH-^HKCona C mo>kho 
Bbi6paTb 6a3HC Tax, HTo6bi yMHOJKeHHe GasHCHbix sjieMeHTOB ajire6pbi saflaBajioct 
cjieflyiomeH Ta6jiHii,eH: 



62 


= 6162 


= 6566 


= 6768 


= 6364, 


63 


= 6163 


= 6766 


= 6462 


= 6865, 


64 


= 6164 


= 6263 


= 6568 


= 6765, 


65 


= 6165 


= 6562 


= 6467 


= 6368, 


66 


= 6166 


= 6265 


= 6864 


= 6367, 


67 


= 6167 


= 6564 


= 6862 


= 6663, 


68 


= 6168 


= 6267 


= 6466 


= 6563. 



ITycTb sjieMBHT h* pacnncbiBaeTCH no 6a3Hcy ajire6pbi TaKHM o6pa30M: 

8 

h* = J2 '^^j^i ® 

Ha CTpyKTypbi caMoii ajire6pbi hsbcctho TaxsKe paBcncTBO [h*,x] — — [x,h*]. 
HccjieflycM npoHSBCfleHHa [cj, h*]. Hs paBCHCTBa 

8 

[62, ^ atjCi (g) Cj] = 

i=2 

nojiyHHM ycjiOBHH na aij , nocjie Hero HHTepecyiomHH nac sjieMCHT mojkho sanHcaTb 
Tax: 

h* = 02262 (8) 62 + 03363 (g) 63 + 03364 (g) 64 + 03563 (g) 65 + 04564 (g) 65 + O5565 g) 65 - 

04563 (8)66 + 03564 (8)66 + 05566 g) 66 + 03763g) 67 + 04764 g) 67 + 05765 g) 67 + 05766 <g 67 + 
07767 (g) 67 + O2862 g) 68 - 04763 (g) 68 + O3764 (g 68 - O6765 g) 68 + 05765 (g 68 + O7768 g) 68- 

npoBo;i,H yMHOJKeHne na Cj {j = 3, 4, 5, 6, 7), nojiyHHM, mo Bce aij = npn i ^ j. 
CoBMecTHB Bce pesyjiBTaTbi c nojiyHennbiMH fiaBmAMn h3 paBcncTBa [68, /i*] — 0, 
jiero saMeTHTb, hto an — Ujj fljiR jiio6bix 

8 

TaKHM oSpaaoM, h* — aci (g 6^. 

i=2 

IloKajKeM, HTO (ei, e^) = —4, a (ci, Cj) = npn i ^ j: 

[[6j" , 6j] , 62] — (^€i,€i)Cj {Gj,€,i)€i, 
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2{ejei - eiej)ei = 4(ejei)ej = -4ej- 

Hcnojib3yH stot cjjaKT h yMHOscenHe b ajire6pe T{C), npsMofl: noflCTanoB- 
KOH H npoBepKoii jierKO EHflCTb, hto eflHHHi^eii ajireSpti HBjiaeTCH sjieMCHT e — 

8 

— jq ^ Ci® Ci. IlycTb /3 = — Tor^a /i* — /3e. JleMMa ;i,OKa3aHa. 

i=2 



4. OCHOBHblE FESYJIbTATbl 

TeopeMa 6. HpocTaH KOHe^^HOMepHaa CTpyKTypHsyeMaa ajire6pa na/i, ajire6pa- 
HHecKH saMKHyTbiM nojieM xapaKxepHCTHKH p ^ 2, 3, 5 ne hmcbt HeTpHBHajitHbix 
(5-flH4)4)epeHLi;HpoBaHHH. 

^OKaaaTejitcTBO. CorjiacHO pa6oTe [TS], npocTaa KOHeHHOMepnaa CTpyxTypH- 
syeMaa ajire6pa na^ ajireSpaHnecKH saMKHyTbiM nojieM xapaKTepncTHKH p 7^ 2, 3, 5 
HSOMopcjjHa oflHofi H3 ajire6p THna S1)-SQ) h3 HHCjia nepeHHCjieHHbix b naparpacjse 
2. SaMeTHM, HTO no jieMMe 1 bosmojkhh HeTpHBHajiBHBie (5-flH(|)(|)epeHn,HpoBaHHa 
TOJibKO npH 6 = \. JlerKO BHfleTb, hto 

1) OTcyTCTBHe HeTpHBHajiBHbix i-flH4)4)epeHn,HpoBaHHH jijlii ajire6p Tiina 5*1) 
cjie^eT H3 pa6oTbi 

2) OTcyTCTBHe HeTpHBHajibHbix i-flH4)4)epeHLi,HpoBaHHH fljiH ajire6p THna 5*2) 
cjieflyeT h3 pa6oTbi [4J, 

3) OTcyTCTBHe neTpHBHajiBRbix i-/],H4)4)epeHn,HpoBaHHH fljia ajire6p THna 5*3) 

CJICflyCT H3 JICMMbl 2, 

4) OTcyTCTBHe neTpHBHajibHbix i-flH4)4)epeHn,HpoBaHHH fljia ajire6p Tnna 5*4) 
cjie^eT H3 jieMMbi 3, 

5) OTcyTCTBHe neTpHBHajibHbix i-flH4)4)epeHn,HpoBaHHH ^jih ajire6p Tnna 5*5) 
cjieflycT H3 jieMMbi 4, 

6) OTcyTCTBHe neTpHBHajibRbix i-flH4)4)epeHn,HpoBaHHH fiJiR ajire6p Tnna 5*6) 
cjieflyeT h3 jieMMbi 5. 

TaKHM o6pa30M, TeopeMa ^OKa3aHa. 

TeopeMa 7. HojiynpocTaH KonennoMepnaH CTpyKTypH3yeMaH ajire6pa na/i, aji- 
re6paHHCCKH 3aMKnyTbiM nojieM xapaKTepncTHKH p 7^ 2, 3, 5 ne hmcbt HeTpHBHajib- 
Hbix 5-/],H4)4)epeHLI,Hp0BaHHH. 

/l^oKaaaTejibCTBO. Corjiacno pa6oTe fTS], ecjin A — nojiynpocTaa KOHeiHOMep- 
Haa CTpyKypH3yeMaH ajire6pa na/i, ajire6paHHecKH 3aMKHyTbiM nojieM xapaKTcpn- 
CTHKH OTJIHIHOH OT 2,3,5, TO yl = rfle Ai - npocTaa CTpyKTypH3yeMaa ajire6- 
pa. IlycTb efe — eflHHHii;a ajire6pbi A^. Ecjih Xi G A, to ipi^i) = + Xi~ , vj\e 
G Ai, Xi~ ^ Ai. nojioJKMM e* = ^ Cfc — e* h (/'(e*) = + e'~, r^e e'"*" S A^, 
e'- i A,. Tor^a 

= (j>[x^e'-) = 5{(t){xi)e'+x^(i){e')) = 5[[xi^ +x,-)e''+x^[e'+ +e'-)) = 6{xC+x^e+), 

OTKy^a =0. TaKHM o6pa30M (p nHBapnaHTHO na Ai. Ho TCopeMe 6, Ai ne 
HMCCT HCTpHBHajibKbix ^-flH4)4)epeHii,HpoBaHHH. ToTfla H HOjiynpocTaH ajireSpa A 
He HMCCT HCTpHBHajibHbix (5-flH4)4)epeHii,HpoBaHHH. TcopcMa fl0Ka3aHa. 

Otmcthm, hto b pa6oTe bbo^htch noHHTne o6o6iii,eHHoro 5- 

flH4)4)epeHii,HpoBaHHH. JiHHeHHoe OToGpajKenne x mm Ha3biBaeM o6o6Hi,eHHbiM 
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(5-flH4)(J)epeHLi;HpoBaHHeM, ecjiH oho CBHsano c (5-flH4)(|)epeHLi,HpoBaHHeM cj) nocpefl- 

CTBOM CJieflyiOmHX COOTHOmeHHH 

X{xy) = 6{x{x)y + x(j){y)) = S{(t){x)y + xx{y))- 

CorjiacHO peayjiBTaTaM pa6oTbi yHHTajiBHBie ajire6pbi ne HMeiOT oSoSmen- 
Hbix (5-flH4)4)epeHLi;HpoBaHHH, OTjiHHHBix OT o6o6iii;eHHbix flHcJjcjDepeHIIHpOBaHHH 
H (5-flH4)4)epeHi];HpoBaHHH. TaM jKe 6bijio noKasano, hto ecjiH o6o6Ln,eHHoe 6- 
flH4)4)epeHi];HpoBaHHe HBjiaeTCH o6o6iii,eHHbiM flH4)4)epeHLi,HpoBaHHeM, to oho hb- 
jiaeTCH cyMMOfl: flH4)4)epeHLi,HpoBaHHa h sjieMeHTa i];eHTpoH/i,a. TaxHM o6pa30M, h3 
TeopcMbi 7 cjiepyei 

TeopeMa 8. IlycTb x — o6o6iLi,eHHoe (5-/;H(|3(|)epeHi],HpoBaHHe nojiynpocToii ko- 
HeHHOMepHoii CTpyKTypHsyeMoii ajire6pbi A na/i; ajire6paHHecKH saMKHyTbiM nojieM 
xapaKTepHCTHKH p 2, 3, 5, Tor;i,a x S Der{A) + T(A). 
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